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I. Definition of Area of Itesearch 



In the very broadest terms the "end** of the investigatiai 
is good thin)cing-~the quality of thinking that is neoessary to 
solve a problem (as opposed to an exercise in nultiplication 
requi.ing a rote response) . The focus will be on what han{)ers 
and what perndts this kind of thinking. Bus non-routine think- 
ing will be referred to as problem solving. Before establishing 
the paraneters and variables of the investigation sane clarif i- 
caticns and delineations are in order. 

There are at least two broad categories of skills in problem 
solving — cognitive skills and psychologiccil skills. By cognitive 
skills are meant that behavior consciously directed by the problem 
solver: his application of his heuristics and mental skills, his 
generating and testing hypothesis, his recalling information, and 
his applying acquired skills. By psychological skills are meant 
those indirect factors that provide the context for the above. Sane 
exaqples are: self -concept, habits, attitudes, frustration thres- 
hold, caifidenoB, tenaci^. 

Ihese traits determine to a large extent one's potential as 
a successful mathematics student (Dodson, 1972). Ihe educator is 
faoed with a very oonplex situation. Uie learning situation and 
the problem solver's achievement in it, along with his many cognitive 
and psychological factors, interact and continually d\ange ead\ 
other. In fact, problem solving proceeds through several stages 
and a characteristic that helps at one stage can be a hixvaranoe at 
another. (Williams, 1960) 



one abroad! is three fold: (1) characterize the gocxS problem 
solver; (2) attaqpt to pronote the developnent of sane of the 
characteristics of a good problan solver; (3) if successful in 
promoting these diaracteristics/ determine if the resxilt is a 
better problem solver. 

Ihe focus of this investigation is limited to determining 

(1) the psychological variables related to problem solving, and 

(2) the effect of using self -correcting manipulative mathematics 
materials and corpatible teaching situations cn these psychologicad 
variables. 
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2. Search of xeseaxx:h sources. 

Ttie starting points were ERIC and the 1970 Bicyclopedia of 
Educational Research Mathematics. "Mathematical mcxtels," its 
various synonyms and particulars, and "Elertentary School Mathe- 
matics" were the initial descriptors. Subject inde)ces were used 
vten possible to review the following journals: The Mathematics 
Teacher , 1908-1965 (Cumulative Index used) , The Arithrtetic Teacher 
1954-present, Journal for Research in Mathematics. 1970, Nb. 4— 
1972, No 4; 1973, No. 4-Present, Educational Studies in Mathematics 
1967-Present. The coverage was from Volume I whenever possible. 
The Journal for Structural Leamijig \/*uLch deals with manipulative 
materials was unavailable locally. 

The listings of research en Mathematics education, published 
annually by The j^ithmetic Tteacter from 1957 to 1970, then trans- 
ferred to the newly created Joumgd for Research in Mathematics 
Education , were the most useful sources. They inclvtde Research 
Sumciaries, Journal Published Reports, and Dissertation ^stracts; 
the entries in these listings for seme years include a very brief 
abstract. 

The National Council of Tteachers of Mathematics thirty fourth 
yearbook. Instructional Aids in Mathematics, and its bibliogr^^y 
vfere another origin. In fact bibliographies continually generated 
new leads. A letter to the Cuisenaire Ccnpany resulted in a pronpt 
reply \f^ch included a bibliography. Four of the most iitportant 
sources came frcm bibliographies, namely Beougher, Dodson, Williams, 
and Canadian Council for Research in Education (OCRE) , 
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3. %seardi findings relating problem solving and mathematics 
achiex^ment to psydiological variables, and relating these 
variables to methods involving or ocnpatible with self* 
oorrecting manipulative mathematics materials. 
The author inmersed himself in the literatxire and research 
of problem solving, manipu3,atives, and learning theory. Sate 
research {Jeeves, Jeeves and Dienes, J.B. Biggs, Wason and 
JdinsOTi-Laird) was undertaken to resolve or to substantiate 
various theoretical questions. Most studies conpared the achieve- 
ment of one or more ajpprcaches with manipulatives and the traditional 
approadi. Those advocating heuristics and manipulatives held similar 
theoretical positions. They favored construction theories such as 
Bruner and Piaget. The child interacts with the environment and 
builds and modifies his mental model of the world. This model 
consists of operations as well as informaticHi. The manipulatives 
form a ocntrived environroent vMch is stpposed to aid and guide 
the student in this oonstanaction. 

Problem solving; Problem solving by its very nature calls vpon 
many, many talents. Success is influenced by both cognitive 
and psychological factors. It is multi-staged and requires the 
hi^r order cognitive skills of anyalysis, synthesis, and evaluation. 
To solve a problem the problem solver must xmderstand the problem, 
seek relationships, generate hypotheses, and evaluate than. For 
instance, to undeirstand the problem and be able to state it often 
is the hardest part v*iereas in most mathematics problems the problem 
is already formulated. Williams (1960) discusses three categories 
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that determine success in problem solving: (]) factors of the 
situation, (2) factors of the problem solver's experienoe^ arid 
(3) characteristics of the problem solver. 

Polya in Ho^r To Solve It classifies heuristics under four 
stages. Problem solving requires not only following a set 
sequence but also judging what heuristic is nost appropriate for 
"this problem" at "this stage". Achievement and problem solving 
are different. Achievement is generally a measure of rote learning. 
Teadiing procedures that give the best results in terms of rote learning 
do not work well in pronoting problem solving ability. O'Brien 
(1973) sxjggests that eirphasis on rote learning hanpers the child in 
developing relational thinking by reinforcing his natural atcmism. 

Definitions of a problem. The definition used in Dodson's 
(1972 y page vii) Characteristics of Successful Insi^tful Problem 
Solvers is: "By insightful r the Panel neant non-routine^ challenging 
nathatatics problems. Such problems require the student to transfer 
knowledge^ skilly and background to unpractioed contexts or to use 
their mathematics in novel wsqts." In discussing earlier research 
Dodson notes that in altcost all the prior stvdies^ problem solving 
in mathenatics meant solving word problems. Hiis is particularly 
true of studies at the elementary level. 

Argurents for self-oorrecting manipulatives as a media for teadi- 
inq problem solving. Manipulatives are oonpatible with many learning 
theories. Ihey are concrete and sensorial. They are ocrpatible with 
what is known about problem solving. Problems with structural 
materials easily present situations that promote generalizing ^ self- 
checking^ inductive and deductive reasoning, and independent work. 
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Ihey giviB feedbadc so the student can modify^ clarify, and retest 
his position. They can be used privately and allow tie student to 
set his own pacing. Self-pacing is usually held most efficient 
for teaching ocxrplicated techniques (Williains, 1960). Trial and 
error, a good problm solving approach, is made easier by manipulatives. 
It is more convenient, easier, and quicker to manipulate than to 
draw. Manipulatives are more accurate, particularly for three dimen- 
sional problenB, and th^ develop spatial ability, ^^ch is closely 
related to problem solving. (Dodson, 1972) 

Manipulatives enbody irony nathanatical concepts. The tezminology 
of mathanatics such as '^square noibers** shows the close tie between 
gecnetric forms and algebraic groi:p structures. The Araldc decimal 
notation is clecurly enftxsdied in Dienes's Multibased Arithmetic Blocks 
and the Montessori bead material. 

Problem solving can be ijiproved by separating the production of 
hypotheses from their evaluation. A too critical frame of mind inisedes 
production of hypotbesea (William, 1960). John Bates's (talk at 
Belleville Area Iteacher's Center, 1973) "divergent tasks'* lend them- 
selves to hypothetical producticn as does Gattegno*s **pedagogy of 
situations** referred to by Madame Frederique Papy. A quote from the 
Conprehensive School Mathematics Program overview clarifies this 
term: "Ihe humanistic philosophy and the functional-relational approach 
ocnbine especiadly well with a pedagogy of situations, in vihxdti the 
imagination of the diildren is captured by an easily-imagined 
situation presented to the diildren. In this enviroranent the children 
eagerly nake suggestions to solve problems presented them; they are 
motivated by their own freedom to think and the intellectual inter^ 
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action with their peers**. (Ftor a more extensive dlscuseion see 
Ftederique'e CreatlN^ Freedm, chapter 4.) Other teaching iretl^ods 
that lend themselves to using manipulatives are the "mth lab** 
and the ••discovery approach". 

Traits Reviewed. These traits are not disjoint. Some will be 
discussed together if they are close in ireaning or are at opposite ends 
of a OGntinuun. Characteristics that cannot be manipulated in an 
educational setting such as sex and social occnomic class will be 
emitted. The traits included in this tevicv eune: attitudes, 
anxiety, self-oonoept, orderliness, set, confidence, inpulsive/re- 
flfexive thinking, concentration and interest span, motivation 
and interest, and perseverenoe and patience. 

In order to measure the first four traits above the National 
Longitudinad Study of Mathematics Achievement (NZ£Mn) staff developed 
the NISMA Attitude Inventory. Dodson's (1972) report is the most 
ocrprehensivc stvidy of problem solving. He started with a 10% 
stratified random sanple of the NI5MA Z-Population (23,645 when in 
10th grade) . St\xlents not taking 11th grade mathertttics were deleted. 
Ihis deletion corrbined with attrition resulted in a final sasrple 
size of about 900 that completed the NI5MA attitude inventory. 

In the table (page 8) subscedes are shown along with a sxronary 
of the results: 
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AttltMdte . TS» author found no resdarth directly relating 
pidblan dol\rln9 and attitude toward tnathemities. 1t» expectitians 
of the tnath oorrtmity that the "new troth*' and the ♦•diaoovery method" 
Msuld improve attitudes toward and about mithenatics have not been 
fulfilled. Possibly the incrtaaaed difficalty of the new pioyxiaiiKi 
axnteracted any positive effects. Also most of the teachers tav(^t 
the "new nath" just liXe they had the old. 

In his review, "Current Assoarch in Mathematics Education" » 
narberg (1969) gives three rtsasons t4iy attitxide studies have not 
been more fruitful. Kaofiely the shortoomings are the tests and the 
lack of a sound theory, the ocnron use of a single, global measure 
of a set of predispositions or feelings, and the i/fnranoo of v^t 
procedures mi^t modify attitudes. 

Even so the research on attitudes and mnthoRiBticB has been enoxsnous. 
Ranberg oommonds AiJcan's (1969) careful and critloal review. The 
findings have not boon vary onoouraging. Ihis is clear ttm Nealo's 
1969 article, "Ihe ft>le of Attitudes in Learning MBthsmatics." 
Neale also does a good job teasing out the various aspects of attitudes 
by analyzing the instrunents. Presently st^jdents' attitudes toward 
mathoRatics booorne increasingly negative and there is litUe or no 
effect on mathanatics achiovonant exo^t in the oases where the 
attitude is either extroraly positive or negative. 

If one willies to review attitudes they should refer to the 
research listings and suntories by niedesel, Suydan^, and Vieaver. 
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As fflcntioMd earlier achievenent and pioblon solvli)g axe 
diffexent. CXit of fburteen attitude factors tested, Cattell and 
Butcher (Neale, 1966) fbund "eutmissiveness** to be the strongest 
with a 4.50 cxsrrelation with aehievenentl This Characteristio 
i«9Uld surely infsede hypothesis productionl Furthexsnore curiosity 
was found to have a negati\« correlation (-.20) with achievonont. 

Ihe methods involving or oonfMitible with self-oorreeting 
manipulative mathonntics materials fared mjch better than tho "new 
math" iji proRDtlA^ favorable attittides. Canadian and Dnglish teachers 
have o\nt«Aiel2ningIy agreed that children ejoy mathoratics more 
with Cuisenaire rods than with traditional methods and have a better 
attitude toward school in general (OOC, 1964; Howard, 1957) . The 
OOC study consisted of avor 50 ccRftarisons onplc^ing at least 
15,000 students plus eight teacher surveys involving sons 600 
teachers who ha\« used the Cuieonaire rods. Howard visited 21 classes 
talJcing to 31 British teachers. Surely the judgement of buch a large 
ninter of teachers directly involved cannot be disoovnted. J.B. Biggs 
(1965) r^iorts that proliminaiy findings in an investigation by the 
National Foundation for Bduoational Bosearch in England and Wales 
(NFCR) indicates that use of unimodels such as Cuiaenaire rods 
inpro\«8 attitude only slightly over the treditional approach exo^ 
for hic^y intelligent boys, but that rultinodels such as Dienes's 
tCA yield a iwzkod iflfsrovonent in attitudes. Gn ths other hand 
(Beougher, 1967) reports that Nstt, Schott, Jamison, Anderson, and Swick 
generally fbund no significant effect either way by nsnipulatives 
and Gzeen (1970) reports that a diagram approach to fractions was 



superior to a nanlpulatlve approach with respect to attitudes. A 
rath lab vdth manipulatives and a Piagetian curriculun involving 
active manipulation resulted in si^iificantly more positive 
attitudes than other methods with which they wore oonpared, so 
Vhippel (1972) and Johnson (Suydam and Weaver, 1973) reported. 
Hollis (ED, Deorater, 1972), Vanoe (1971), Wasylyk (Vanoe, 1971), 
Vanoe and Kiercn (Sifp^dam and Weaver, 1973) report more positive 
atUtudes with rath labs \Mle WiUdnson (Suydam and Vteaver, 1973) 
found no change. Burgerr (Suydam and Weaver, 1971) found the 
regular use of rathemtioal gones improved attitudes. Robertson 
(Suydam and Wtsa\^r, 1972) reports that the discovery approach gave 
significantly better attitutes than the e)qpository approach. 

Mare than anything this research shows the possibilities 
inherent in this approach. It also cautions us that it is not 
a magic mithod. The toacher is the key variable. Vanoe and Kieren 
(1971) refort on three rath labs, each reflecting a different way 
OS using laboratory activities. The integrated way reflected the 
best orgmization and planning. The results were superior to the 
other tMO wa^ on cv^ry count. Ehough said? 

Dd>ilitating anxiety has a strong negative relationship to 
ijisightful problem solving (Dodson, 1972). It was the strongest 
predictor of all the personality variables being significantly 
related to the total criterion test and all the s\i>test8. Scwder 
(1974) using the VOSWi Y-population found it to haw **very strong 
discriminating utrength** with respect to geometry achievement. 
Williams (1960) reports that subjects scoring high on the Taylor 



Manifest Anxidty soale are more rigid than others and that normal 
flvbjects beoone more rigid vihen they are rxa^ to feel anxious or 
too ego invDl^«^d in the pitablem solving activity. Porhetz (1970) 
found test anxiety to vary with respect to rankad difficulty of 
subject as perceived by the student. Johnson (Kilpatrick, 1969) 
fomd an interaction of test anxiety and test difficulty on 
arithietic reasordng. Both Beeson and Beavers (Suydan\ and Weaver, 

1971) found test anxiety affected scores. Saetel?> (Suydam and Weaver, 

1972) agreed that even with high IQ students test anxiety appeared 
to interfere vlth mathematics learning, but Flynn and Mauser 
(Suydam and Weaver, 1972} fcxsid no significant differenoes between 
gifted students at any anxiety level. 

Natkiji (AiJcen, 1969) demonstrated that it is possible to affect 
anxiety and attitude in a short time by associating mathematics with 
something pleasant. Both Williams and Biggs (Kieren, 1971) 
report that a traditional approach produces higher nuvber anxiety 
than a unimodel or multimodal appxoadi. Davis, Sutton, and Sknith 
(Kieren, May 1971) report that manipulatlves and play-like activities 
"can provide an infbimation seeking, ncn-^authortarlan environment.** 
Anxiety is related to rigidity, reports Williams (1960) , who reoom-* 
mends that intrinsic rather than extrinsic motivation be used in 
order not to reduoe flexibility. Montessori (1969) agrees. Biggs 
(1965) claims extrinsic motivation is effective only for assimilation . 
leazning and that intrinsic motivation is needed for oonstructive 
acoGmodation type learning. 
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The facilitating and debilitating aspects of anxiety are 
illustrated in these rejnarks by Williams (1960) • Ihe anxious 
student will probably strive hard and be successful if only ac- 
quisition of knowledge is iitportant. But where originality of 
response is required as in prc^lem solving, the inflexibility 
of his thought and inability to suspend judgonent nj.ght be a 
severe handicap. 

Clark (1971) found no interaction between anxiety and feedback 
whereas Beeson (personal oonversaticn, 1973) found anxious students 
did progressively worse v^reas confident studGnts were able to 
utilize the fact that certain previous statements were wrong in 
deducing ansv^rs to later questions. 

In his dissertation Porhetz (1970) discusses those aspects 
of anxiety that are generally agreed \jpon by all theorists. This 
section will be concluded by i^entioning three that seem to apply. 
(1) Uhcertainty is the key to the occurrence of anxiety. (2) Anxiety 
usually occurs in conjunction with other effects, sudi as defensive- 
ness. (3) ;\nxiety is usu£dly debilitating especially vr' -jject 
to oonplex tasks. 

Self-concept is not well defined. Many diverse iteasures are 
used. Hopefully in the future its various conponents will be varied 
separately so their effects and interactions can be accurately determined. 
It is for this reason conflicting results are expected. 

Bernstein, Alpert (Aiken , 1969) contend that feelings, ea^jectations, 
performance, and self-concept form a self-perpet\jating cycle. As 
early as the third grade acadeamic success is related to the way a 
dvLld perceives his world and his relation to it. This relationship 
is scnewhat independent of ability, Haggard (Cleveland et al, 1967) 
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found. The nost strUcing xesulta are in problan solving and ocnoept 
dB\«lopnBnt^ which are closely related to good personality adjustront 
(Cleveland et al 1967). See Suydn and Weaver (1971, 1972) for 
studies by Alberti, Bachran, Loguidioe, and Schneider. 

Ruedi and West's (Triimer, 1973) hypothesis that an open school 
vrould produce a better self-oonoept than a traditional school was 
not supported. Pagni et al(1973) in Ms paper, "The Brookhurst 
Project— A Mathenatics laboratory that vrorks", found a significant 
psoitive change in self-oonoept with respect to mathaiatics and 
English. TWO other math labs in the saam district revealed no such 
change. Pagni attributed the difference to extensive planning, 
curricula tailored to student's needs, and hard work. In listing 
the chief benefits of Cuisenaire rods Ellis {CCBE, 1964) says: ''The 
child is unrestricted. He is free to neke "new" discoveries for him- 
self. ...Check results. He seen learns to rely on his own criteria 
for correcting mistakes... [Children need to e^qperienoe success.] ... 
oolored rods effectively minimize failure..." 

Orderliness . It is interesting to note that even though Dodscn 
(1972) found little relation of orderliness or messiness to insi^tful 
problem solving that both the best and the worst grovjps were indifferent 
to disorder and messiness in their environment. 

Set. Set, rigidity, functional fixness are all terms referring to 
a lack of flexibility. This is the tendency to keep applying the same 
method as used in solving previous prcblans when it is no longer 
appropriate or. when easier methods exist, as in the Ludiins Vtater Jar 
TIest. (Wason, 1968) 
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Gilford (Williams, 1960) found flexibility important during hypothesis 
production. Rigidity was found related to self-oonfidenoe, intelli- 
genoe, and anxiety, but not to creativity by Renpler (Kilpatricik, 
1969), Wodtke (Aiden, 1969) and Williaite, (1960). 

The author reocratends the reader read P.C. Wason's "On The 
Failxire to Eliminate Hypothesis—A Second Look", and O'Brien and 
Budde's "Hypothesis Testing— A Classroan Activity". Wason used 
a gxjBss-ny-rule to a three natter sequence activity to study subjects 
thinking as they generated and tested hypothesis. The sx±>jects, 
overv*ielitBd by their hypothesis, tried to confirm it rather than to 
deny or mDdify it. Tliey were either unable or xinwilling to discard 
a hypohtesis even after getting contradictory evidence. One student 
was carried from the room in a catatonic state. His psychological 
history was not kncwn but it datcnstrates an extreme case of the 
interplay of rigidity and emotions. Ihe iirplications for teaching 
of heuristics throu^ group problem solving is clear fron Budde's 
replication of the experiment. In administering the task to a 
groip rather than to an individual, entirely different resxilts were 
obtained. 

Generating hypothesis is of couse a necessary but not sufficient 
condition in problem solving. Raaheim's (Kilpatridc, 1969) research 
clarified this issue. He partitioned problems into two types: 
(1) problems in v^iich the goal is clear; and (2) pnA)lems in vAiicii the 
goal is clear but difficult to obtain. Raaheim found success in 
the first type to be related to the ability to find many functions 
for a given object while success in the second type is related to 
the ability of finding many objects that serve a given function. 
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Evidence that the teadiing method can prorote sixh neecSed 
flexibility is found in the follc3wing. Bzownell {heo\j^r, 1967) 
found seven year olds using Cuisenaire rods "esdiibited a high degree 
of flexible thinking giving "28 ways of writing 20 without 
any cluesr including 10 + 10^ (3x5) + (5 x 1) ^ 1/2 of 40^ 
200-180, 4 + T' + 8 + 1 + (2x1), etc." Troijt {QCRE, 1964) concurred. 
Vance (Triitwer, 1973) and Sutton-Sndth (Kieren, 1969) found play- 
like settings to pron oL e novel responses. It is ap p r opriate to 
conclude this section by reportlnq that Luchins v*io is largely 
responsible for the interest in this variable noticed that diildren 
from permissive and active schools suffered less f ran rigid method 
set than cMldren fron aiithoritarian schbols (Williams, 1960). 

Confidence. Self-ocnfidenoe reflects past successes and failures. 
Renpler (Aiken, 1969) rararfcs that pipils ^*o constantly fail 
roathanatics lose confidence and develop hostility and dislike for 
the subject. Self-confidence is related to persistence. Burron 
(1972) , using ability and cognitive level of mathematical tasks as 
variables, reports, "a marked difference in behavior related to 
self-confidenoe. Pvpils in the low group seemed hesitant, threatened, 
or relix:±ant to respond to divergent questions. Hi^ groip pupils 
displayed little of this behavior." 

When asked about the advantages of Cuisenaire rods British 
teachers frequently replied (Howard, 1957) that their use resulted 
in a gain of confidence especially with bri^t students. Banta 
(TrijtitBr, 1973) found Montessori diildren that went into a nongraded 
primary school to be more assertive than twD ocnparison groups. 
Vance, 1971 reports "...students [in a math lab] gain a feeling of 
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being able to achieve objectives in matheratics independently and 
oane to view mathematics as having an experimental basis". Williams 
(1960) says that a teacher can reduce anxiety, increase persistence, 
preclude frustration, inspire confidence by beginning with easy problems 
and progressing to the difficult. He scys "it is claiined" that 
struct\aral methods present problems so students can cope vith than, 
thus avoiding the development^ of harmful attitudes and fears that 
inhibit problem solving. Pennenia (May, 1973) describes manipulatives 
as tools for problem solving. She says their availabili^ increases 
the student's self-<»nfidenoe sinoe he doesn't need to depend on the 
fallibility of his memory. But Williams (1960) found over- confidence 
correlates with the length of time wasted on unsuccessful problem 
solving atteanpts. 

Btpulsive/Eteflective Thinking . A pipil vAio is ittpulsive, active, 
and heedless mi^t be expected to do well at the production stage of 
problem solving but not at the evalxiation stage (Williams, 1960) . 
Using the inpulsive/reflective variable defined by Jercne Kagan 
Cathcart et al (1969) found second and third grade students vHnp were 
reflective and took longer were better in problem solving arid 
mathematics achievement. Banta (Trijmer, 1973) found Montessori 
sttadents to have more iirpxolse control. 

Oonoentration and interest span . Even though no atteanpt was found 
to study the effect of conoentraticn or interest span on problem solving 
or learning most educators will agree that they are important. 

Ihe MGntesso3ri method for increasing concentration is to allow 
the student to select from the lessons to which he has already been 
introduced, and then to work unintempted. Banta (TriititBr, 1973) 



ocnfixned the cxxioentratlcn of Mcxitessori students. 

Hcward (1957) and Trout (OCRGr 1964) report overv^ielining teacher 
belief that Cuisenaire students have increased attention spans. 
Hildebrand and Johnson (Nasca, 1966) report that second graders 
wrking with the Cuisenaire rods have an extreme interest in 
abstraction. They state that interest could be maintained for an 
hour san:etirnes. 

Motivation and Interest . Motivation is essential to teaciiing 
problem solving (Riedesel^ 1969) . Suydam and Rledesel (1969) 
indicate that research shews greater achievanent in problem solving 
is prcroted by finding problens of interest to the p^5)ils, and that 
math games increase mDtj.vation. 

Qiildren vibo discover their own rule are so eager to use it that 
they even ask for problems so they can apply their rule (Sanders, 1964) . 
Manipulatives attract attention and stimulate curiosity, is 
iitportant in arousing intrinsic motivation (Pennema, 1973) . 

Sudduty's (1963) dissertation reviewed five journals fron their 
origin to 1962. Cue of the three purposes most often recorded for 
the use of aids in teaching mathematics was for stimulation and moti- 
vation. J.B. Biggs (1965) found multiinodel approaches provided ifhB 
best motivation. Lamon et al (1971) states, "MDst of the students 
I6th grade] who participated in the eaqDeriment were hi^ily motivated 
to manipulate the structural enix)diment [of a vector space] . These 
nathematics e^q^eriences generated interest and excitement during the 
v^ole experimented period [ 6 weeks]". Trout and Itonson (CX!RE, 1964) 
report similar ea^rienoe with Cuisenaire rods as does (1968) 
for a Math Lab. Burron (1972) reports both high and low ability 
students preferred manipxilative activities and that a change to 
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ncai-manipulative tasks evoked a drop in enthusiasm in the law ability 
students. 

Neale (1969) using the findings of Cattell and Butcher and 
observations of Jackson as a basis sketches the f ollomjig argiment. 
What makes Samnr/ learn is not that he enjoys learning all these 
great things about the beauty and order of mathematics but that he 
wants to be an obedient person and do his duty. Ihis is due to 
"the hidden curricultm v*iich prcmotes the virtues of patience^ 
ocrrplianoer and obedience." Pipils have little oppoirtunity to 
pursue their interests. Learning is a job that must be done liJce 
it or not. Intrinsic motivation will plsry little role in learning 
until the institutions of learning are radically changed. 

In view of the overwhelming current lase of "stars" etc. as 
extrinsic motivation, please consider this argument taken from J.B. 
Biggs 's article, "Tbwards a psydiology of educative learning." Only 
concurring argtnents from other sources will be cited. 

Structural learning, learning that requires some aoocRmodaticm, 
is intrinsically motivated, v*iereas extrinsic motivaticxi is needed 
to motivate assimilation. If the reorganization is too drastic for 
the individual to assimilate, he will withdraw from the situation or 
> resort to rote memorization. When a classroom activity ceases to 

become an end in itself and is no longer self-motivating and self- 
reinforcing, it needs ^eternal motivation. 

O'Brien (personal conversations, 1972-74) senses this vihen he 
talks about classroom activities having "grabbing power" and being 
"self-sxjstaining" . Maria ftontessori (1969) before 1912 discouraged 
extrinsic motivation [also see Trinvner 1973] . Her son, Mario 
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Montessori (1961-62) , states that the sensitive period of the diild 
determines the interest: •'What left the older children more or less 
indifferent aroused intense interest in the younger ones." Johnt^, 
Davis, and Papy have made similar claims that sx^jport the earlier 
statement of Biggs, "...there seems to be built into cognitive 
activity a principle of optimal developrnent such that these activities 
that the growing individual finds most pleasurable and rewarding 
at a given stage of development are those that will help to bring 
about the progression to the next hi^r stage." 

He advises the teaciier to key {rt^r term) on the motivation level 
of the student for an indication of how well the prescribed educational 
activity meets the student's need. 

Extrinsic motivation is negatively related to the breath of coding 
(or structured learning) for it "inhibits aoocwioodation while generally 
facilitating assimilation, thxas disturbing the balance between the 
t>ro. " Strong incentives siich as ocmpetition and punishments appear 
to actively discourage conceptual learning. 

Perserverence and patience. John Holt in How Children Fail main- 
tains that many children cannot tolerate unoertaajity and the resultant 
frustration. Uiey give \sp and will put down anythir.g jxast to escape 
the situation. 

William J. Wri^t supplied the author with a thirty-three page 
abstract of his dissertation, Hhe Determinants of Peristenoe at a 
Learning Task. Wri^t took premeasures of generalized confidence 
and task relevanoe two weeks prior to a problem-solving esqperiment. 
Data was collected during the experiment on (1) how many problems 
they e:^)ect:ed to get ri^t f ran the next groip of five problems 



and (2) how many they thought they got right, 
4. Sxmnaxy 

Int3dnsic notivaticm and giving the student enou^ tiire to 
ootplete a ocnplex task will facilitate the learning of problem 
solving. Kilpatrick studied under Polya and is intensively interested 
in problem solving. In his article ^ "Problem Solving and Creative 
Behavior in Mathematics", he says: "We need to knew much more about 
using problems to stiiwulate independent and creative thinking." 
The author feels that problems ^ v*dda students of a wide range of 
ability and background can solve by using a method that fits their 
level of sophistication y would be especially fruitful. 

Sane progress has been made, but researchers must now conoentzate 
more en the stages and skills of problem solving and identifying 
which traits are moderators for eadi skill at each stage. The 
teacher can utilize this increased understanding by giving practice 
of each skill involved such as finding relationships and generating 
hypotheses and can give the students a knowledge of the moderator 
traits. Polya (1957) sees "looking back" reflecting on the problem 
solving as essential to transfer and the develcEinent of a general 
skill in problem solving. Ihus by helping students with introspection 
a teacher can help them understand the theory of heuristics and the 
interplcy of these psydiologiccd variables so they can make an 
effort to manipulate them to their advantage rather than to be 
manipulated by than. 

One last look at the variables is in order. The iji|)ulsive state 
is probably useful in producing hypotheses and the reflective state 



is probably best for evaluating hypotheses. When the going gets 
tou^ it is ooncentration and persistence that pay off. It is 
then that oonfidenoe, lack of anxiety, lade of rigidity, flexibility, 
and an ability to cope with uncertainty help. 

The research reviewed indicates that manipulatives can provide 
a nediun for fostering the growth of problem solving. Ihere am 
three statenents in Kilpatrick's article that could be construed to 
si^port this point of view. They are: (1) *'Since the solution of 
a problem — a mathematics problem in particular—is typically a poor 
index of the process used at that solution, the problem-solving 
process must be studied 1:^ getting the subjects to generate observable 
sequences of behavior**' (2) Good problem solvers can find con* 
tradictions vAien they exist (e.g. linear equations will have no 
xmique solution if their slopes axe equal) . CDoncrete presentation 
promotes the finding of contradictions. (3) Dienes and Jeeves^ 
studying hew stabjects reorganize stimul is structures, foind that 
children can particularize better than adults and postulated seme 
kind of structural learning. The question does not seem to be 
whether to xose manipulatives or not but how and \t)ax to use them 
best. 
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